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The motion of particles is examined in a nonuniform moving viscous 
medium in the regions Re < I and 1 < Re ~-- 300. Solutions are pre- 
sented for the differential equations which make it possible to calcu- 
late the trajectories of particle motion in a nonuniform moving 
viscous medium. 
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The  d i f f e r e n t i a l  equat ion of mot ion  for  a p a r t i c l e  
in a nonun i fo rm moving v i scous  m e d i u m  is  

m d-~-V = 0.5 ,  SplO/m--Vp) Vm--Vpl+  
dt P 

+ ml ~ - t  (Vm--Vp) -I- 

dt~ + Fe. (1) 

2 

tl 

+ l'5d~" 1/ztPl--~ 1~to --  t~ 
to 

The t e r m  on the l e f t - h a n d  s ide  of (1) def ines  
the  f o r c e  n e e d e d  to  p r o d u c e  the a c c e l e r a t i o n  of the  
mov ing  p a r t i c l e .  The f i r s t  t e r m  in the  r i g h t - h a n d  s ide  

116 INZHENER NO- FIZI  CHESKII ZHUI~NAL 

/ 

P a t h s  of e n t r a i n m e n t  (dece l e r a t i on )  
of the p a r t i c l e s  by  the  m e d i u m  as 
funct ions  of p a r a m e t e r s  L (curve  

1) and D (curve  2). 

de f ines  the f o r c e  of r e s i s t a n c e  to mot ion,  r e s u l t i n g  
f r o m  the v i s c o s i t y  of the med ium;  the s econd  t e r m  
de f ines  the f o r c e  c a u s e d  by the a c c e l e r a t i o n  of the m e -  
d ium as  the magni tude  of the v e l o c i t y  i s  a l t e r e d ;  the 
th i rd  t e r m  def ines  the f o r c e  needed  to s e t  the a p p a r e n t  
m a s s  into mot ion  ( for  s p h e r i c a l  p a r t i c l e s  the apparenc  
m a s s  is  equal  to half  the m a s s  d i s p l a c e d  by the m e -  
d ium sphe re ) ;  the  four th ,  i n t e g r a l  t e r m  t a k e s  into con-  
s i d e r a t i o n  the f o r c e  expended  to o v e r c o m e  the add i t iona l  
r e s i s t a n c e  of the med ium,  r e s u l t i n g  f r o m  the change  
in the ve loc i ty  of p a r t i c l e  and m e d i u m  mot ion;  the 
fif th t e r m  is  the e x t e r n a l  f o r c e  app l i ed  to the p a r t i c l e .  

The  nonuni fo rm mot ion  of a p a r t i c l e  in a r e s t i n g  
m e d i u m  has  been c o n s i d e r e d  in [1, 2], whi le  the ef fec t  

of the i n t e g r a l  t e r m  on the mot ion  of the p a r t i c l e  has  
been c a l c u l a t e d  in [3]. However ,  the a u t h o r ' s  e v a l u a -  
t ion of the ex ten t  of inf luence  e x e r t e d  by the i n t e g r a l  
t e r m  is  a p p l i c a b l e  to p a r t i c l e s  with a d e n s i t y  r a t i o  
<0.15. 

The  nonuni fo rm mot ion  of p a r t i c l e s  in a nonun i fo rm 
moving  m e d i u m  was examined  in [4 -7 ]  and the extent  
of the inf luence  of the i n t e g r a l  t e r m  was eva lua t ed  fo r  
the nonun i fo rm mot ion  of a m e d i u m  and p a r t i c l e ,  i t  
a l so  having been  d e m o n s t r a t e d  that  the i n t e g r a l  t e r m  
m a y  e x e r t  c o n s i d e r a b l e  in f luence  on the coe f f i c i en t  of 
h y d r o d y n a m i c  r e s i s t a n c e  $. 

The  nonuni form mot ion  of p a r t i c l e s  in a r e s t i n g  
m e d i u m  with a coe f f i c i en t  of h y d r o d y n a m i c  r e s i s t a n c e  
p a r t i a l l y  tak ing  into c o n s i d e r a t i o n  the i n e r t i a l  t e r m s  
has  been  c o n s i d e r e d  in [ 8 -12 ] .  

A n a l y s i s  of the i n t e g r a l  t e r m  in (1) shows that  when 
to = t2 the i n t eg rand  b e c o m e s  inf in i te .  However ,  the 
i n c r e a s e  in the  i n t e g r a l  t e r m  is p r o p o r t i o n a l  to 
lira ~ -05 ,  and i t  t h e r e f o r e  r e m a i n s  a f in i te  quant i ty .  

"f~0 

This  ind ica t e s  that  with a r a p i d  change in p a r t i c l e  or  
m e d i u m  mot ion  (a l a r g e  va lue  for  the f o r c e  of a c c e l -  
e ra t ion)  the va lue  of the i n s t an t aneous  coef f i c ien t  of 
h y d r o d y n a m i c  r e s i s t a n c e  m a y  c o n s i d e r a b l y  exceed  i t s  
magni tude  for  s t e a d y - s t a t e  ve loc i t y .  

To so lve  (1) in the r e g i o n  Re < 1 (r = 24/Re) w e  
s e l e c t  a s y s t e m  of c o o r d i n a t e s  moving  toge the r  with 
the  p a r t i c l e .  Equat ion  (1) is  then t r a n s f o r m e d  (wi th-  
out c o n s i d e r a t i o n  of the e x t e r n a l  fo rce )  to 

:~d s d . 3~d(Ym__Vp)]Vm__ypi 2r- 

~d~ d ~d~ ~-~-(Vm--%)+ +~-Pl~-Vm+ ~01 

t, 

e,. (2) 
to 

I t  was d e m o n s t r a t e d  in [6] that  the second  t e r m  in 
(2) can be e x p r e s s e d  in t e r m s  of the p r e s s u r e  g r a d i e n t  
without  v io la t ing  g e n e r a l i t y :  

0 p  f0 (~h) ,_  0 ( v ~ k ] - - v  026~)' 
Oxi 

Equat ion  (2 ) fo r  the  i - t h  eomponent  ofmecl ium v e l o c -  
i ty  (Vm) i i s  then t r a n s f o r m e d  to 

(%)~ = ~1 [(Vm),-- (%),] + P, -~- (v~, + 

O(Vm)~] O~(Vm), ~ d [(ym)l - 
+ (Vm)k 0X k j - -  •1 0X--T2 -~- 1 
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t~ 

I [(v=), - 
- -  (Vp)i] + qh dr, 

, 1/to - -  t~ 
t~ 

dtv (4) 

w h e r e  ~ t  = 18/l(d2o2)-l;  fit = Pl/P2; "/~ =Ix/p~; ~t = 0.5fit; 
r = 9(~rpll~)I/Z(~rdp2) -1. 

Having substituted into (4) the value of 

0 
Ot a x k  

O 
= + i(Vm) - (V0d Ox 

a f t e r  a p p r o p r i a t e  t r a n s f o r m a t i o n s  we obtain 

--dtd (V~)~ b[ d (Vm)~ 2 =  ~ ----3 v ~02 (Vm) ~ ] + 

( d 

t l  l '  a [ ( v #  - ( v A }  
dtz, (5) 

w h e r e  

b = 1.5B p~; B = (P2 + 0.5p~)-q 

C = 9 B d - ' V O  ~ .  

A n a l y s i s  of (5) shows that  the n o n l i n e a r  t e r m s  can 
be neg l ec t ed  (without  g r e a t  e r r o r )  when 

_ _  18I~ 2 d 2 0 
P~ oxkO I%l<< d~ or  - - - - v  Ox~ I%1<<1. (6) 

Condi t ion  (6) is  e a s i l y  s a t i s f i e d  fo r  1 0 - 6 - 1 0 - 4 - m  
p a r t i c l e s .  Thus ,  fo r  e x a m p l e ,  f o r  p a r t i c l e s  wi th  d = 
= 10-~m we have 7 �9 1 0 - t 2 ( 3 / 0 x k ) [ V m l  << 1. Thus 
even  fo r  l a r g e  v a l u e s  of the  ve loc i ty  g r a d i e n t  (8 /~x k) 
x IVml ~ 10 7 the va lue  of (d2/v)(O/OXk)IVml << 1. 

The effect  of v i s c o s i t y  can  be n e g l e c t e d  when 

. _ _  0 2 
Ivpl, 0 I v ~ l > > , ~ - I v ~ i .  

Ox k OXk 

On the b a s i s  of (6) we can r e w r i t e  (7) as  

(7) 

(%)i 1 
d' 3 ~ IVml,/Ox~ ))  1. (S) 

A n a l y s i s  of (8) shows that  for  p a r t i c l e s  of the above -  
indicated dimensions (I-I00 ~m) the condition in (8) 
is  s a t i s f i e d  without  g r e a t  e r r o r  in e n g i n e e r i n g  c a l c u -  
I a t ions .  

D r o p p i n g  the n o n l i n e a r  t e r m s  and the s u b s c r i p t s  of 
the i - t h  componen t  for  the p a r t i c l e  and m e d i u m  v e l o c -  
i t i e s ,  we t r a n s f o r m  (5) to 

dVp + aVp = aVm+ b dVra 
VF + 

t t  

d (Vm--%) 

+c 
to 

- -  dr2, 

w h e r e  a = 36p/dZ(2pz + Pt)" 
We r e w r i t e  (9) as  

V" + ag' = f (t), 

w h e r e  

'f 
dVm dt 2 

} ( t ) = b - - ~  - + a V m + C  l / t o _ t 2  
tD 

dt~. 

(9) 

(lO) 

The solution of the differential equation (10) for the 
initial conditions t i= to = 0; y' =Vi; y= 0 is 

t l  _ _  e _ a t  ) 
g = - ~ i (  1 + 

t t  

+ ~ -  f(x) exp 

to 

[0,ha (x -- t)[ sh 2 (t - -  xl dx. (Ii) 

F o r  the so lu t ion  of the i n t e g r a l  t e r m  in (11) we 
emp loy  the method  of s u c c e s s i v e  i n t e g ra t i on .  Le t  us 
a g r e e  that  for  each  t ime  s e g m e n t  ( i n t eg ra t ion  i n t e r -  
val) the m e d i u m  ve loc i t y  V m is  a cons t an t  equal  to i t s  
va lue  a t  the beginning  of the i n t e r v a l .  Knowing the 
in i t i a l  condi t ions  and i n t e g r a t i n g  s u c c e s s i v e l y ,  we d e -  
t e r m i n e  the t r a j e c t o r y  of p a r t i c l e  mot ion  for  nonuni -  
f o r m  p a r t i c l e  mot ion .  Depending  on the magn i tude  of 
the s e l e c t e d  i n t e g r a t i o n  i n t e r v a l  we a t t a in  the d e s i r e d  
d e g r e e  of c a l cu l a t i on  a c c u r a c y .  

A s s u m i n g f ( x )  = L, we t r a n s f o r m  (11) to 

g = ~ d Z L t +  a 3 - - L V i  (1 - -e -a t ) ,  (12) 
a 2 Vi 

w h e r e  ~ = (2p 2 + 01)/36#. 
Wi th  p a r t i c l e  mot ion  in the  r e g i o n  Re  ~ 300 we 

w r i t e  (2) in the f o r m  

~da dVp ( B )  ~d~ 
T P 2 - ~ -  ---- A + ~ e  T Pt (Vm-- Vp) ] Vm-- 

a d  a dV~_  ~ d  a d 
' 12 ( V m - - V p ) +  

t l  

t~VYj--q d6, (1:3) 

w h e r e  A and B a r e  cons tan t s  equal  for  the r e g i o n  of 
mot ion  Re ~ 300, r e s p e c t i v e l y ,  to 0.12 and 37 ( for  
m o r e  e x a c t  c a l cu l a t i ons ,  the va lues  of the cons t an t s  
a r e  g iven  in [13]). I t  is  d e m o n s t r a t e d  in [13, 14] that  
the c a l c u l a t e d  va lues  of the  coe f f i c i en t  ~O = A + B /Re  
a r e  in s a t i s f a c t o r y  a g r e e m e n t  with e x p e r i m e n t a l  da t a  
for  d e c e l e r a t e d  p a r t i c l e  mot ion  in a r e s t i n g  med ium,  
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i . e . ,  the coe f f i c i en t  of h y d r o d y n a m i c  r e s i s t a n c e  ~b 
t akes  into c o n s i d e r a t i o n  the i n e r t i a l  t e r m s  (the th i rd  
and four th  t e r m s  in (13)). We t h e r e f o r e  t r a n s f o r m  (13) 
to 

~d~ dVp ( B ) 
A = - - -  • 

n d ~ d Vm n d 3 
• (Vm--Vo) /V~--Vp/p~-- - -  + ZT - (14) 

A f t e r  a p p r o p r i a t e  t r a n s f o r m a t i o n s  of (14) we obtain 

d V o - -  (15) = ( z V 2 +  6 V o + ( ~ - - ] )  dVm 
dt dt ' 

where  o~ = 0.75Api/dp2 ; /3 = 0.75B#/dZp2 . 
F o r  s u c c e s s i v e  i n t eg ra t ion  we a s s u m e  (fi - 1) .  

�9 (dVm/dt) = D. Then,  mul t ip ly ing  both p a r t s  of (15) by 
dy, a f t e r  a p p r o p r i a t e  t r a n s f o r m a t i o n s ,  we w r i t e  

d Vo (Vm-- Vo) (16) 
ay= ~Vo~ + 6Vo + D 

Having i n t e g r a t e d  (16) within l i m i t s  f r o m  Yl = 0 to 
Yz = Y, and the r e l a t i v e  p a r t i c l e  ve loc i ty  f r o m  V 0 = V i 
to V0, we obtain the fol lowing solut ions:  

a) when 4~D >/3 x 
Vo 
~ d V. (Vm-- V.) 

Yl = a V ~ + 6 V o + D  -- 
v i 

vo 
dV o 1 lnM., + 

= Vm a V~ + ~ V 0 A_ D 2{Z " 
v{ 

Vo 
+ 6 j '  aVo _ 2 V m 2 + e v m •  

2a a Vg + [3 go + D M 
V i 

2aM(V0--Vi)  1 lnMo, (17) 
X arctg M2+ (2a Vo + 6)(2a V i i-~ 6)  2(~ " 

w h e r e  M 1 = (V_ + 0 .5E)[a(q  2 - q l ) ] - l ;  ql,2 = 2D(fi :~ 
:~ N)-I;  N = (fi 2I~ 4aD) l /2 ;  

c) when f12 > 4c~D and (2aV 0 + fi)2 < (/32 _ 4~D) 

Vo 
d y  ~ (V m -  Vo) 

w =  ,~Vo ~+6yo+D = 
v i 

= M a i n  (Vo+qx)(V~ "q2) 1 lnM~, (18) 
(Vo + q~) (V~ + q,) 2a 

when M 1 = (V m + 0.5E) ~ ( q 2  - q l ) ] - l ;  ql,2 = 2D(fi ~: 
4 N)-I;  N = (/32 - 4c~D)l/z; 

c) when/32 > 4c~D and (2aV o + /3)2 < (/32 _ 4~D) 

Vo 
f d V o (V m -  Vo) 

Y3 = a Vo 2 + 6 Vo + D = 
Y i 

2{2 N (V 0 - -  V i ) 
= o arth 

N ~ - -  (2~ vo + ~) (2~ v~ + 6) 

- -  ~ In M,,  (19) 
2a 

where  co = (2V m + E)/N-1; 
d) when/3z > 4c~D and (2c~Vo +/3)z > (/3z _ 4c~D) 

Yo 

i " d V 0 (Vm-- V0) 
Y4 = 

. eY~+6Vo+D 
v i 

2a N (V 0 - -  V i) 
= ~ arcth 

(2aVo + 6) (2aVi + 6) - -N~ 

e) when fi2 _ 4~D = 0 
Vo 

S dVo(Vm-- Vo) 
Y~ = aV~ + 6V0 + D  = vi- 

1 lnM~; (20) 
2a 

(2Vm-~- 6) (Vi - -  Vo) 1 
a (V o + 0,5E) ~.V i + 0.5E) ~ -  In M2. (21) 

The d e r i v e d  equat ions  (12) and (17)-(21)  m a k e  i t  
p o s s i b l e  by the method  of s u c c e s s i v e  i n t e g r a t i o n  to 
ca l cu l a t e  the t r a j e c t o r y  of p a r t i c l e  mot ion  in a non-  
un i fo rm  moving  m e d i u m .  

The  f igu re  shows the e n t r a i n m e n t  (dece l e r a t i on )  
path of the p a r t i c l e s  by the m e d i u m  as  a function of 
the p a r a m e t e r  L c a l c u l a t e d  f r o m  Eq. (12) ( cu rve  1) 
and of the p a r a m e t e r  D c a l c u l a t e d  f r o m  (18) ( cu rve  2). 

NOTATION 

m is  the  p a r t i c l e  m a s s ,  equal  to (Trd3/6)p2; d is  
the  p a r t i c l e  d i a m e t e r ,  m; Pl and P2 a r e  the d e n s i t i e s  
of the m e d i u m  and p a r t i c l e ,  kg/m~; ~ i s  the coe f f i c i en t  
of h y d r a u l i c  r e s i s t a n c e  of the  m e d i u m ;  S is  the m i d -  
c r o s s - s e c t i o n a l  a r e a  of the p a r t i c l e ,  equal  to  vd2/4 ,  
m 2 ; V m, Vp, and V0 a r e  t h e v e c t o r s  o f v e l o c i t y o f t h e  
me d ium,  t h e p a r t i c l e ,  and the  r e l a t i v e  ve loc i ty  of the  
p a r t i c l e  ( r e l a t e d  to the med ium) ,  m / s e c ;  v and # a r e  
the m e d i u m  v i s c o s i t i e s ,  m Z / s e c ,  N �9 s ec /m2 ;  to, t t ,  t 2 
a r e  the  t i m e s ,  sec ;  F e is  the v e c t o r  app l i ed  to the e x -  
t e r n a l  f o r c e  p a r t i c l e ;  m 1 is  the m a s s  of f luid d i s p l a c e d  
by a p a r t i c l e  equal  to ~d3pl/6, kg.  
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